
CS166 Handout 06I
Spring 2021 April 6, 2021

Individual Assessment 1: RMQ

This is an individual assessment, and, as the name suggests, must be completed individually. Specifi-
cally, you’re not allowed to work with a partner, and you should not discuss these problems with
other students in CS166. However, the course staff are happy to answer clarifying questions on Ed-
Stem (if you do, please post the question privately) or in our office hours.

Due Tuesday, April 13th at 2:30PM Pacific time.
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Problem One: Area Minimum Queries
In what follows, if A is a 2D array, we'll denote by A[i,  j] the entry at row i, column j, zero-indexed.
When drawing out a grid, we’ll assume that (0, 0) represents the upper-left corner of the grid, that (1, 0)
represents the entry in the leftmost column of the row just beneath the top row, and that (0, 1) represents
the entry in the top row, just to the right of the upper-left corner.

This problem concerns a two-dimensional variant of RMQ called the area minimum query problem, or
AMQ. In AMQ, you are given a fixed, two-dimensional array of values and will have some amount of
time to preprocess that array. You'll then be asked to answer queries of the form “what is the smallest
number contained in the rectangular region with upper-left corner (i, j) and lower-right corner (k, l), in-
clusive?” Mathematically, we'll define AMQA((i, j), (k, l)) to be min i ≤ s ≤ k, j ≤ t ≤ l A[s, t]. For example, con-
sider the following array:

31 41 59 26 53 58 97

93 23 84 64 33 83 27

95 2 88 41 97 16 93

99 37 51 5 82 9 74

94 45 92 30 78 16 40

62 86 20 89 98 62 80

Here, A[0, 0] is the upper-left corner, and A[5, 6] is the lower-right corner. In this setting:

• AMQA((0, 0), (5, 6)) = 2

• AMQA((0, 0), (0, 6)) = 26

• AMQA((2, 2), (3, 3)) = 5

For the purposes of this problem, let m denote the number of rows in A and n the number of columns.

i. Design and describe an ⟨O(mn), O(min{m, n})⟩-time data structure for AMQ.

ii. Design and describe an ⟨O(mn log m log n), O(1)⟩-time data structure for AMQ.

As a hint, think about what these constraints say if you’re looking at, say, a 1 × n array, which should es-
sentially reduce to a regular RMQ structure.

When writing up your answers, please follow the general advice from our “Assignment Policies” handout.
Begin with a high-level overview of the approach, then drop down into lower levels of detail and explain
how each operation works, concluding with a runtime analysis.

Fun fact:  You can improve these bounds all  the way down to ⟨O(mn),  O(1)⟩  using  a Four Russians
speedup and some very clever auxiliary data structures. This might make for a fun research project topic
if you’ve liked our discussion of RMQ so far!
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Problem Two: On Constant Factors
As a refresher, here’s how the preprocessing step for the Fischer-Heun RMQ structure works:

• Split the input array into blocks of size b = ½ log₄ n.

• Construct an array of the block minima and build a sparse table RMQ on the minima.

• Construct an array of size 4b storing pointers to RMQ structures, initially all null.

• For each block in the input array, compute its Cartesian tree number. If the array entry for that
number is null, create a new ⟨O(n2), O(1)⟩ precompute-all RMQ structure and store it in the array
at that point. At this point, the array slot at that index is definitely not null, so store a pointer from
the current block to that RMQ structure.

You may have noticed that we specifically picked b = ½ log₄ n as its block size. Why is that ½ there? Why
is this a base-4 logarithm? This question explores the answer to that question.

i. Redo the analysis of the Fischer-Heun preprocessing time we did in class under the assumption
that b = log₂ n. (There’s no leading coefficient, and the logarithm is now a base-2 logarithm.) What
big-O runtime bound do you get?

ii. Is that runtime bound tight? If so, explain why. If not, give the tightest bound you can on the pre-
processing time with this block size.

Generally speaking, it’s good to interrogate constant factors and other seemingly arbitrary design decisions
in a data structure. Sometimes, those choices really are arbitrary and can be tuned for performance rea-
sons. Other times, those choices are there for a specific reason, and seeing why helps you better under-
stand why things work the way they do.


